Abstract. In extending results from Lie to Leibniz algebras, it is helpful to have techniques which translate results from the former to the latter without having to repeat the (perhaps modified) arguments. Such a technique is developed in this work, and some applications are given.
Introduction

A Leibniz algebra, L, is an algebra with multiplication defined by the (left) Leibniz identity a(bc) = (ab)c + b(ac).
This multiplication need not be antisymmetric. If this multiplication is, in fact, antisymmetric, then L is a Lie algebra. Leibniz algebras have been studied at length in [12] , [3] , [2] , [10] , and other works. In this paper, we consider L to be a finite-dimensional Leibniz algebra over an arbitrary field unless otherwise stated.
The Frattini subalgebra of L, denoted F(L), is the intersection of all maximal subalgebras of L.
Note that F(L) need not be an ideal of L. Thus, we consider the Frattini ideal of L, denoted Φ(L), which is the largest ideal of L contained in the Frattini subalgebra of L. These structures have been studied at length in [5] . It is often especially useful to consider a Leibniz algebra whose Frattini ideal is 0. A particularly well-known Lie algebra result that carries over to the Leibniz case is the following: The Frattini ideal of L/Φ(L) is 0 for any Leibniz algebra L.
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Companion Lie Algebra
Let F be a subalgebra closed formation of solvable Leibniz algebras (see [3] and [10] for an introduction to Leibniz algebras and [4] for results on formations). Examples of such formations are the classes of nilpotent, supersolvable, and strongly solvable Leibniz algebras. Let L be a solvable Leibniz algebra that is minimally not in F with φ(L) = 0. If A is a minimal ideal in L, then A is complemented in L by a subalgebra. We claim that there is a unique minimal ideal of L.
Suppose that A and B are minimal ideals of L. They are complemented by subalgebras H and K, respectively. H and K are both in F by the minimality of L. Then L = L/(A ∩ B), which is in F since F is a formation. This contradicts the assumption that L does not belong to F. Hence, L has a unique minimal ideal, A. Thus, Soc(L) = A. Suppose that L is not Lie. Note that such correspondences have been considered previously [1] . There the reverse construction is developed, obtaining a Leibniz algebra from a Lie algebra. Their conditions and purposes are different, but the construction is the inverse of ours. 
Strongly Solvable Leibniz Algebras
As in the case of Lie algebras, a Leibniz algebra L is called strongly solvable if L 2 is nilpotent.
Suppose F is the formation of strongly solvable Leibniz algebras with L, C, A, and H as in the previous section. Let x ∈ L, and let x also denote the corresponding element in C. Let L x denote left multiplication of L by x, and let ad x denote left multiplication of C by x under the above bracket. If x is in A, then L x and ad x are both nilpotent, although perhaps not equal. Suppose that L is a φ-free, solvable, minimally non strongly solvable Leibniz algebra. We claim that C also has these properties. If x is in H 2 , then L x and ad x are essentially the same, although acting on L and C, respectively, and are either both nilpotent or both non-nilpotent. If all x ∈ H 2 have ad x nilpotent, then left multiplication by each element in the Lie set H 2 ∪ A is nilpotent on both L 2 and C 2 . Thus, L 2 is nilpotent if and only if C 2 is nilpotent; hence, C is not strongly solvable.
A is self-centralizing in L, and hence, A is also self-centralizing in C. Thus, A is the unique minimal ideal in C. Then H is a maximal subalgebra in C and thus, contains φ(C). We claim that φ(C) = 0. Suppose not. H is a maximal subalgebra of C, and hence, φ(C) ⊂ H. A is the unique minimal ideal in C, and hence, A is contained in φ(C), which is a contradiction. Thus, the claim holds.
We also claim that any proper subalgebra, K, of C is strongly solvable. Suppose that C = A + K.
Then K ∩ A is equal to either A or 0 since A is a minimal ideal of C.
In the former case, A is contained in K, and then K is equal to C, which contradicts K being a proper subalgebra of C. In the latter case, K is isomorphic to H, which is strongly solvable in L, and thus, in C. Thus, K is strongly solvable. Now suppose that C = A + K. We will show that A + K is strongly solvable, and hence, that K is also strongly solvable. Thus, we assume that A ⊆ K.
Then K = K ∩ (H + A) = (K ∩ H) + A, which is a subalgebra of L by the correspondence between L and C. Then K 2 = (K ∩ H) 2 + A in Leibniz algebra L, and analogously,
Lie algebra C. In L, both summands of K 2 are nilpotent Lie sets, and likewise, the corresponding summands are nilpotent in C. Thus, K 2 is nilpotent as a subalgebra of C. Hence, K is strongly 3 solvable for K any proper subalgebra of C. Since C is itself not strongly solvable, C is a solvable, minimally non-strongly solvable Lie algebra.
Such Lie algebras have been described in Theorem 3.1 of [7] . Theorem 3.1. Let L be a solvable φ-free minimally non-strongly solvable Leibniz algebra over field F. Then F has characteristic p > 0, and L = A + H is a semidirect sum, where 
Either L is Lie, or if not, then H is Lie, A = Leib(L), and AL = 0.
Proof. If L is a Lie algebra, then the result is Theorem 3.1 of [7] . If L is not Lie, then the companion Lie algebra, C, satisfies the conditions and conclusions of this theorem. Thus, L does also by Lemma
2.1
In [7] , Bowman, Towers, and Varea prove the Lie algebra version of the next result from Theorem 3.1. We obtain it from [8] instead.
Proposition 3.2. Let L be a solvable Leibniz algebra that is minimally non-strongly solvable. Then L is two-generated.
Proof. If L is not two-generated, then all two-generated subalgebras are strongly solvable. Then the result follows from Corollary 1 of Theorem 2 of [8] . Proof. The proof of (1) follows the proof of 3.2.
We now prove (2) . Let S be a minimally non-strongly solvable subalgebra of L. If S is two-generated, then S is strongly solvable by hypothesis. Hence, S is not two-generated. Thus, all two-generated subalgebras of S are strongly solvable, and S is strongly solvable also.
Supersolvable Leibniz Algebras
In this section, supersolvability will be considered in the same manner as was strong solvability in the previous section. Let L be a solvable, φ-free,minimally non-supersolvable Leibniz algebra. Supersolvable Leibniz algebras form a formation; hence, Lemma 2.1 applies. Then L = A + H as in Lemma 2.1. Now, if L is Lie, then the structure of L has been determined in [11] and set forth in [7] . We state the result as The list of algebras in Theorem 4.1 are the possible minimally non-supersolvable Lie algebras, however, it is important to note that not all algebras of these forms have this property. However, if F is algebraically closed, the algebras in (2) are minimally non-supersolvable, while the algebra in (1) must be supersolvable. Hence, all minimally non-supersolvable Lie algebras over an algebraically closed field are as in (2) . Now suppose that L is not a Lie algebra. Then L is as in Lemma 2.1; L = A ∔ H, where A = Leib(L), and H is as in the lemma. Take C to be the companion Lie algebra defined in Lemma 2.1.
A is the minimal ideal in C, and C is φ-free.
In Leibniz algebra L, H is supersolvable by assumption, and A is abelian. However, A is irreducible under the action of H acting on the left. Since L is not supersolvable by hypothesis, the dimension of A is greater than 1. The left action of H on A is the same in C as in L, and hence, dim A is greater than one and C is not supersolvable.
We show that all proper subalgebras of C are supersolvable, and hence, that C is a solvable, minimally non-supersolvable Lie algebra. Let K be a proper subalgebra of C. If C = A + K, then either A ∩ K = 0 or A ∩ K = A since A is also a minimal ideal in C. In the former case, K is isomorphic to H and hence, is supersolvable. In the latter case, K = C, which is a contradiction. Now suppose that A + K is a proper subalgebra of C. We show that A + K is supersolvable, and hence, that K is also supersolvable. We may assume that A ⊂ K. Then as above, K = (K ∩ H) + A. Note that K ∩ H is the same in L and C.
In L, the action of K ∩ H on A is simultaneously triangularizable. The left action of K ∩ H on A in C is the same as in L, and hence, K is supersolvable in Lie algebra C. Then C is minimal non-supersolvable and is as in Theorem 4.1. Hence, we have the following theorem. Several results similar to Theorem 3.5 in [7] are now obtained in the Leibniz algebra case. Note that if Leibniz algebra L is solvable and minimally non-supersolvable, then all two-generated proper subalgebras are supersolvable. If L is not two-generated, then all two-generated subalgebras are supersolvable, and hence L is supersolvable from Theorem 4 of [8] , a contradiction. Thus, we have the following. Proof. Let S be a proper subalgebra of L. If S is two-generated, then it is supersolvable by assumption. If S is non two-generated, then every two-generated subalgebra of S is supersolvable by assumption. Since supersolvability is two-recognizeable [8] , S is also supersolvable. Thus, all proper subalgebras of L are supersolvable, and L is minimally non-supersolvable. Hence, Theorem 4.2 applies.
Triangulable Leibniz Algebras
A Leibniz algebra L over a field F is triangulable on L-module M if when F is extended to K, the algebraic closure of F, K ⊗ M admits a basis such that the representing matrices of K ⊗ L are upper triangular. L is said to be nil on M if left multiplication on M by each x ∈ L is nilpotent. Then L acts nilpotently on M [6] . There is a maximal ideal of L that acts nilpotently on M. This ideal is denoted by nil(L). If L 2 is contained in nil(L), then the same holds in the algebra and module over K. By Theorem 1 of [9] , in the algebraically closed case, L is triangulable on M if L 2 is contained in nil(L). Hence, in the general case, L is triangulable on M if L 2 is in nil(L). Note that these definitions still apply in the special case that L is a subalgebra of M. We state them in this context.
Proposition 5.1. A subalgebra L of Leibniz algebra M is triangulable on M if and only if L 2 is contained in nil(L). If L is an ideal of M, then L is triangulable on M if and only if L 2 is nilpotent. M is triangulable on itself if and only if M is strongly solvable.
The following two propositions follow exactly as in their Lie algebra versions, with left multiplication replacing ad in the proofs as shown in Lemma 4.1 and Lemma 4.5 of [7] .
Proposition 5.2. Let L be a Leibniz algebra, and let S and T be subalgebras of L that are nil on S such that S is contained in the normalizer of T. Then S + T is nil on L.
is equal to L. This holds for all such x, and hence, J is contained in nil(S), and the result holds.
It is known that a solvable Leibniz algebra is triangulable on itself if all two-generated subalgebras of L are triangulable [9] . In [7] , Lie algebras all of whose proper two-generated subalgebras are triangulable are similarly investigated. Our purpose is to find Leibniz algebra analogues to this and related ideas. It is interesting to note that L is triangulable if and only if it is strongly solvable. If all twogenerated subalgebras are triangulable on L, then L is triangulable (Theorem 5.4). However, if all two-generated subalgebras are strongly solvable, this does not guarantee that L is triangulable since a subalgebra can be strongly solvable without being triangulable on the algebra. The algebras in S is triangulable on L, hence S 2 is contained in nil(S) and (S*) 2 is contained in nil(S*). Hence, S* is strongly solvable.
Note that the nilradical of L* is not 0. Since φ(L*) = 0, nil(L*) is complemented in L* by a subalgebra T [5] , which is strongly solvable. Hence, L* = nil(L*) + T is solvable, a contradiction.
Thus, L* is semisimple. If L* were to contain a proper ideal, that ideal would be strongly solvable and hence solvable, a contradiction. Thus, L* contains no proper ideals, and L* is simple. 
